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Abstract
We prove that for a metrizable space X the following are equivalent: (i) the free Abelian
topological group A(X) is the inductive limit of the sequence {An(X): n ∈ N}, where An(X) is
formed by all words of reduced length 6 n; (ii) X is locally compact and the set of all non-isolated
points of X is separable. In the non-Abelian case, for a metrizable X the following are equivalent:
(i) the free topological group F(X) is the inductive limit of the sequence {Fn(X): n ∈ N}; (ii) X is
either locally compact separable or discrete. Ó 1999 Published by Elsevier Science B.V. All rights
reserved.
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1. Introduction
Let F(X) and A(X) be, respectively the free topological group and the free Abelian
topological group on a Tychonoff space X in the sense of Markov [6]. As an abstract
group, F(X) is free on X and it carries the finest group topology that induces the original
topology of X; every continuous map from X to an arbitrary topological group G lifts
in a unique fashion to a continuous homomorphism from F(X). Similarly, as an abstract
group, A(X) is the free Abelian group on X, having the finest group topology that induces
the original topology of X, so that every continuous map from X to an arbitrary Abelian
topological groupG extends to a unique continuous homomorphism from A(X).
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For each n ∈N, Fn(X) stands for a subset of F(X) formed by all words whose reduced
length is less than or equal to n. It is well known that X itself and each Fn(X) are closed
in F(X), and F(X) is the union of Fn(X), n ∈N.
Let U be a cover of a topological space X. Then X is said to be the inductive limit of
U if a subset V of X is open whenever V ∩ U is open in U for each U ∈ U . Given two
covers U and V of a space X such that V is a refinement of U and X is the inductive limit
of V , it is clear that X is the inductive limit of U as well. If F(X) is the inductive limit of
{Fn(X): n ∈N}, we say that F(X) has the inductive limit topology. This concept is defined
for A(X) in the same fashion.
In this paper, we concern ourselves with the following question:
When do F(X) and A(X) have the inductive limit topology?
This difficult problem traces its origin to the 1948 paper by Graev [3], where it was
shown that the free topological group on every compact space X has the inductive limit
topology. Later Mack et al. [5] generalized the result to an arbitrary kω-spaceX. Apart from
that, it is easy to see that F(X) is a P -space whenever X is such a space (as was observed
in [7, Lemma 5.6]), and hence has the inductive limit topology [10, Theorem 8(b)]. The
same is true for A(X).
Quite recently, Tkacˇenko [11] and Sipacheva [9] came up with new classes of spaces
X such that F(X) or A(X) have the inductive limit topology. Tkacˇenko [11] proved that
for each pseudocompact space X, F(X) has the inductive limit topology if and only if Xn
is normal and countably compact for every n ∈N. Sipacheva [9] has shown that for every
countable space X with one non-isolated point x, F (X) has the inductive limit topology
if and only if for any collection {Un: n ∈ N} of open neighborhoods of x there exists a
neighborhood V of x such that V ∩ (Un \ Un+1) is finite for all n. The same is valid for
A(X).
In the next section we describe those metrizable spaces X for which F(X) and A(X)
have the inductive limit topology. Our point of departure are the following results, obtained
by Arhangel’skiı˘, Okunev and the first author [2].
Theorem 1.1. For a metrizable space X the following are equivalent:
(a) A(X) is a k-space,
(b) A(X) is homeomorphic to a product of a kω-space with a discrete space,
(c) X is locally compact and the set of all non-isolated points in X is separable.
Theorem 1.2. For a metrizable space X the following are equivalent:
(a) F(X) is a k-space,
(b) F(X) is either a kω-space or discrete,
(c) X is locally compact separable or discrete.
As is well known, for a Tychonoff space X every compact subset of F(X) is contained
in some Fn(X), n ∈ N. Hence, F(X) is a k-space if and only if F(X) has the inductive
limit topology and Fn(X) is a k-space for each n ∈N. The same is true for A(X).
V. Pestov, K. Yamada / Topology and its Applications 98 (1999) 291–301 293
These results indicate that the property of the free topological group F(X) and the free
Abelian topological group A(X) being k-spaces is closely related to the inductive limit
topology property. And indeed in Section 2 we add the latter property on the lists of
equivalences in both Theorems 1.1 and 1.2 by showing that for a metrizable space X,
F(X) is a k-space if and only if F(X) has the inductive limit topology, and the same is
true for A(X). These are the main results of our paper.
The second author proved recently [13] that if each space Fn(X) is locally compact
then F(X) has the inductive limit topology. The result is closely related to Tkacˇenko’s
characterization and an example from [11]. Indeed we show in Section 3 that if each Fn(X)
is locally compact, then Xn is normal and countably compact for every n ∈N.
All topological spaces are assumed to be Tychonoff. ByNwe denote the set of all natural
numbers. We refer to [4] for the basics of topological group theory and to [1,2] for the main
properties of free topological groups.
2. Characterizations
In this section we characterize metrizable spaces X such that F(X) and A(X) have
the inductive limit topology. Notice that, as observed by Sipacheva [9], if F(X) has the
inductive limit topology, the same is true for A(X).
The following is used in our proofs.
Lemma 2.1 [9]. Let Y = {yα: α ∈ ω1} be a subspace of a space X. Assume that for each
α ∈ ω1 one can select a decreasing family {Uα,n: n ∈ ω} of clopen neighborhoods of yα
such that X =⋃α∈ω1 Uα,0, Uα,0 ∩ Uβ,0 = ∅ if α 6= β and Int⋂n∈ω Uα,n 63 yα for each
α ∈ ω1. Then A(X) does not have the inductive limit topology.
We start by earmarking three very simple and common metrizable spaces which are
nevertheless very important in what follows. The first of them is the hedgehog space
J (κ) = {xα,n: α < κ, n ∈ N} ∪ {x}, where each xα,n is an isolated point and {Uk =
{xα,n: α < κ, k > n}: n ∈ N} is a neighborhood base of the center point x . The second
space is the disjoint sum S =⊕α∈ω1 Cα , where Cα is a convergent sequence {xα,n: n ∈N}
together with its limit xα for each α ∈ ω1. The third and the last space is the disjoint
sum T = C ⊕ D, where C is a convergent sequence {xn: n ∈ N} with its limit x and
D = {dα: α ∈ ω1} is discrete.
Proposition 2.2. Neither A(J (κ)) nor F(J (κ)) have the inductive limit topology.
Proof. By Theorem 1.1, A(J (κ)) is not a k-space. On the other hand, the second au-
thor [14, Corollary 3.3] proved that each An(J (κ)) is a k-space. These two facts com-
bined imply that A(J (κ)) does not have the inductive limit topology. The aforementioned
Sipacheva’s observation completes the proof. 2
Proposition 2.3. Neither A(S) nor F(S) have the inductive limit topology.
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Proof. It is clear from Lemma 2.1. 2
Remark 2.4. For each α ∈ ω1 \ ω, enumerate the set α = {αi : i ∈ ω}. For each n ∈N put
En = {xα,n−xα+n(xαi ,m−xαi ) ∈A(S): n <m< i, α ∈ ω1 \ω}. The setE =
⋃∞
n=1En is
a concrete example showing that A(S) does not have the inductive limit topology. Namely,
E ∩ An(S) is closed in An(S) for each n ∈ N and at the same time 0 ∈ A \A, where 0 is
the unit element of A(S).
Theorem 1.1 implies that A(T ) is a k-space. Now it follows from the remarks made
right after Theorem 1.2 that A(T ) has the inductive limit topology. In the non-Abelian
case, however, the situation is vastly different.
Theorem 2.5. F(T ) does not have the inductive limit topology.
Proof. Define a mapping τ :F(D)× (C×F(D))→C×F(D) by letting τ ((g, (x,h)))=
(x, gh) for each triple (g, (x,h)) ∈ F(D) × (C × F(D)). It is easily seen that τ is a
continuous action of the discrete topological group F(D) on the Tychonoff space C ×
F(D). For each g ∈ F(D), the self-homeomorphism τg : (x,h) 7→ (x, gh) of C × F(D)
extends to an automorphism, τg , of the free Abelian topological groupA(C×F(D)). Since
F(D) is discrete, τ gives rise to a continuous action by topological group automorphisms
τ :F(D)×A(C × F(D))→A(C × F(D)).
Let G = F(D) nτ A(C × F(D)) be the semidirect product formed with respect to
the action τ . In other words, as a topological space, G is the product of F(D) and
A(C × F(D)) and the group operation is given by
(g, a) · (h, b)= (gh,a + τg(b)),
where g,h ∈ F(D) and a, b ∈ A(C × F(D)). Then A(C × F(D)) (identified with
{e}×A(C×F(D)), where e is the unit element of F(D)) forms an open normal subgroup
of G, and the corresponding factor group G/A(C × F(D)) is topologically isomorphic to
F(D).
Define a mapping f :T →G by
f (t)=
{
(e, (t, e)) ∈ F(D)nA(C × F(D)), if t ∈ C,
(t,0) ∈ F(D)nA(C × F(D)), if t ∈D,
where 0 denotes the unit element of A(C × F(D)). Since
lim
n→∞f (xn)= limn→∞
(
e, (xn, e)
)= (e, (x, e))= f (x),
the mapping f is continuous and therefore extends to a continuous homomorphism
f :F(T )→G.
Claim 1. The homomorphism f is onto.
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It suffices to show that f (F (T )) ⊇ F(D) ∪ A(C × F(D)), where F(D) is identified
with F(D) × {0}. Since D is contained in the image of f (indeed, f (D) = D × {0}), it
follows that F(D) is in the image of f . We shall show that
f
(
F(T )
)⊇A(C × F(D)).
Let (y, g) ∈ C × F(D). By the definition of the action τ , τg((y, e)) = (y, g), and
hence τg((y, e))= (y, g) ∈ A(C × F(D)). According to the well-known property of the
semidirect product,
(g,0) · (e, (y, e)) · (g,0)−1 = (g, τg((y, e))) · (g−1,0)
= (g, (y, g)) · (g−1,0)= (e, (y, g)).
Since (g,0)= f (g) and (e, (y, e))= f (y), the element gyg−1 ∈ F(T ) satisfies
f (gyg−1)= f (g)f (y)f (g)−1 = (e, (y, g)).
Thus f (F (T ))⊇ C × F(D), and hence f (F (T ))⊇A(C × F(D)).
Claim 2. The homomorphism f is a quotient map.
Since A(C × F(D)) is an open subgroup of G and itself is free Abelian topological
group over C × F(D), the group topology on G is the finest group topology that induces
the original topology on C × F(D). Since f is onto and continuous, the group topology
T on G of the form {f (U): U is open in F(T )} is finer than the group topology on G.
Therefore it suffices to show that T induces the original topology on C × F(D), that is,
makes the sequence {(xn, g)} converge to (x, g) for each g ∈ F(D). But this follows from
the fact that each sequence {(xn, g)} is the image under f of the sequence {gxng−1} in
F(T ) which converges to gxg−1. Hence T coincides with the topology of G and f is a
quotient map.
Put B = f−1(A(C × F(D))). Then B is an open, therefore closed, subgroup of F(T ).
The mapping f |B :B→A(C × F(D)) is a quotient homomorphism. Denote by pi :G→
A(C × F(D)) the projection.
Claim 3. pi[f (Fn(T ))] ⊆An(C × F(D)) for each n ∈N.
We prove it by induction in n ∈ N. If n = 0, then f ({e}) = (e,0). Thus pi[f ({e})] =
A0(C × F(D)). Assume that pi[f (Fn(T ))] ⊆ An(C × F(D)). Let w ∈ Fn+1(T ). Then
w can be represented as w′z, where w′ ∈ Fn(T ) and z ∈ T . By our inductive hypothesis,
f (w′) = (g,w′′) for some g ∈ F(D) and w′′ ∈ An(C × F(D)). If z ∈ D, then f (w) =
f (w′) ·f (z)= (g,w′′) · (z,0)= (gz,w′′ + τg(0))= (gz,w′′). This means that pi(f (w))=
w′′ ∈An(C×F(D)). If z ∈C, then f (w)= f (w′) ·f (z)= (g,w′′) · (e, (z, e))= (g,w′′ +
τg(z, e))= (g,w′′ + (z, g)). Hence pi(f (w))=w′′ + (z, g) ∈An+1(C × F(D)).
It follows from Claim 3 that for each n ∈N,
f
(
Fn(T )
)∩A(C × F(D))⊆An(C × F(D)).
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Note that, since F(D) is a discrete space of the cardinality ω1, C×F(D) is homeomorphic
to the space S which is defined at the top of this section. Hence, by Proposition 2.2,
A(C × F(D)) does not have the inductive limit topology, that is, there exists a non-closed
subset E of A(C × F(D)) such that E ∩ An(C × F(D)) is closed for each n ∈ N. Put
H = f −1(E). Then H ⊆ B . Since f |B is a quotient map, H is not closed in B and hence
in F(T ). On the other hand, H ∩ Fn(T ) = f −1(E ∩ An(C × F(D))) ∩ Fn(T ) for each
n ∈ N. It follows that H ∩ Fn(T ) is closed in Fn(T ). Consequently, F(T ) does not have
the inductive limit topology. 2
Remark 2.6. By Theorem 2.5, there is a subset E of F(T ) such that each E ∩ Fn(T ) is
closed in Fn(T ) but E is not closed in F(T ). Though it is not easy to identify a concrete
subset of F(T ) with the above property in the proof of Theorem 2.5, we exhibit such a set
below with an outline of the proof.
Take any α ∈ ω1 \ω and n ∈N. Enumerate α as {αi : i ∈N}. Put
Eα,n =
{
dαxnx
−1d−1α (dαi xmx−1d−1αi )
n: n <m< i
}
,
En =
⋃
α∈ω1\ω
Eα,n and E =
∞⋃
n=1
En.
Let
Y = {y} ∪ {xi: i 6 n} ∪ {dα: α < ω1}
be a discrete space and let q :T → Y be the quotient map identifying the set {xi : i >
n} ∪ {x} with the single point y . Then H = kerq is a clopen normal subgroup of F(T ),
where q is a continuous homomorphic extension of q from F(T ) to F(Y ). We can show
that g ∈Eα,n impliesEα,n ⊆ gH and if α 6= β , then Eα,nH ∩Eβ,nH = ∅. These properties
imply that the family {Eα,n: α ∈ ω1 \ ω} is discrete in F(T ). Therefore, if we can prove
that each Eα,n is closed in F(T ), then En is closed in F(T ). To establish this, we need the
help of the quotient homomorphism
f :F(T )→ F(T )nτ A
(
C × F(D))
defined in the proof of Theorem 2.5. Fix an α ∈ ω1 \ω and an n ∈N. Put
Bα = f −1
({e} ×A(C × F(Dα))),
where Dα = {dαi : i ∈ N} ∪ {dα}. Since Eα,n ⊆ Bα ⊆ F(T ) and Bα is a closed subgroup
of F(T ), it suffices to show that Eα,n is closed in Bα . Take any word g ∈ F(Dα) and let
Y = {y} ∪ {yi : i ∈ N} be a countable space. We define the map hg as follows. If no letter
dεαi , i > n (ε =±1) appears in g, set
Yg =
{
(y, g)
} ∪ {(yi, g): i < n}
to be a finite subset of Y × F(Dα) and define hg :C × {g}→ Yg by
(x, g) 7→ (y, g),
(xi, g) 7→ (y, g) if i > n,
(xi, g) 7→ (yi, g) if i < n.
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Otherwise, put i0 =max{i > n: dεαi appears in g} and let Yg = {(y, g)} ∪ {(yi, g): i < i0}
be a finite subset of Y × F(Dα). Define hg :C × {g}→ Yg by
(x, g) 7→ (y, g),
(xi, g) 7→ (y, g) if i > i0,
(xi, g) 7→ (yi, g) if i < i0.
Let
h :C × F(Dα)→
⊕
g∈F(Dα)
Yg
be a map such that h(x,g)= hg(x, g) for each (x, g) ∈ C×F(Dα). Then h gives rise to a
continuous homomorphism
h :A
(
C × F(Dα)
)→A( ⊕
g∈F(Dα)
Yg
)
.
Put H = kerh. Since A(⊕g∈F(Dα) Yg) is a discrete group,H is a clopen normal subgroup
of A(C ×F(Dα)). Now identify the group {e}×A(C ×F(Dα)) with A(C×F(Dα)) and
put I = f −1(H). Then I is a clopen subgroup of Bα .
From the definitions of group operation on F(T )nτ A(C × F(D)) and the mappings
f and h we can deduce that for each g ∈ Bα, gI ∩Eα,n is a one-point set. It follows that
Eα,n is closed in F(T ).
Since Em ⊆ F4m+4(T ) \ F4m+3(T ) for each m ∈N,
E ∩ Fn(T )=
⋃
{Em: 4m+ 46 n}.
Therefore, E ∩ Fn(T ) is closed in Fn(T ) for each n ∈N.
Finally, to prove that E is not closed in F(T ), we invoke the description of a
neighborhood base of a free topological group at e obtained by Uspenskiı˘ [12] and show
that e ∈ E. Let P(T ) be the set of all continuous pseudometrics on T . Take an arbitrary
r = {ρg: g ∈ F(T )} ∈ P(T )F(T ). It suffices to show that pr(g) < 1 for some g ∈E, where
pr is a continuous seminorm on the clopen normal subgroup
F0(T )=
{
v = xε11 xε22 · · ·xε2n2n ∈ F(T ):
2n∑
i=1
εi = 0, n ∈N
}
of F(T ) defined by
pr(v)= inf
{
n∑
i=1
ρgi (xi, yi): v =
n∏
i=1
gix
εi
i y
−εi
i g
−1
i
}
for each v ∈ F0(T ).
(Recall that every v ∈ F0(T ) can be represented as a form
v =
n∏
i=1
gix
εi
i y
−εi
i g
−1
i for some n ∈N,
where xi, yi ∈X, εi =±1 and gi ∈ F(T ) for i = 1,2, . . . , n.) For each α < ω1 there is an
n(α) ∈N with ρdα (x, xi) < 12 for each i > n(α). For some n ∈N, A= {α < ω1: n(α)= n}
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is uncountable. By the same argument, there is an m ∈ N such that n < m and A′ = {α ∈
A: ρdα(x, xm) < 1/2n} is uncountable. Choose an α ∈ A′ such that A′ ∩ α is infinite and
an i ∈N such that m< i and αi ∈A′. Now we have
pr
(
dαxnx
−1d−1α (dαi xmx−1d−1αi )
n
)
6 ρdα(x, xn)+ nρdαi (xm, x)
<
1
2
+ n 1
2n
= 1.
Consequently, the subset E of F(T ) is a concrete example showing that F(T ) does not
have the inductive limit topology.
Remark 2.7. Tkacˇenko [11] proved that for the space X∗ = ω1 ⊕ (ω1 + 1), the free
topological group F(X∗) does not have the inductive limit topology, though both F(ω1)
and F(ω1 + 1) have the inductive limit topology. This means that the inductive limit
property of F(X) can be destroyed by the free topological sum operation. Our space T
is another concrete space with the same property.
Though by force of the result mentioned after Theorem 1.2 F(X∗) is not a k-space,
Tkacˇenko had proved in the same paper that Fn(X∗) is a k-space for each n ∈ N. We do
not know whether or not each Fn(T ) forms a k-space.
Using the above spaces J (κ), S and T as test spaces, we will now deduce criteria for
the free topological group and the free Abelian topological group on a metrizable space to
enjoy the inductive limit property.
Theorem 2.8. For a metrizable space X the following are equivalent:
(a) A(X) is a k-space,
(b) A(X) is homeomorphic to a product of a kω-space with a discrete space,
(c) A(X) has the inductive limit topology,
(d) X is locally compact and the set of all non-isolated points in X is separable.
Proof. The equivalence of (a), (b) and (d) is already known (see Theorem 1.1). Since
each compact subset of A(X) is contained in some An(X), it is clear that (a) implies (c).
Therefore it remains to show that (c) implies (d). Assume the contrary. If X is not locally
compact, then X contains the hedgehog space J (ω) as a closed subset, and if the set of
all non-isolated points is not separable, then X contains S as a closed subset. Thus, in any
case, A(X) contains either A(J (ω)) or A(S) as a closed subgroup. By Propositions 2.2
and 2.3, A(X) does not have the inductive limit topology. 2
Theorem 2.9. For a metrizable space X the following are equivalent:
(a) F(X) is a k-space,
(b) F(X) is either a kω-space or discrete,
(c) F(X) has the inductive limit topology,
(d) X is locally compact separable or discrete.
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Proof. The equivalence of the conditions (a), (b) and (d) is already established (see
Theorem 1.2). For the same reason as for A(X), (a) implies (c). Hence it is enough
to show that (c) implies (d). Assume the contrary. Then X is not discrete. If X is not
locally compact, then X contains the hedgehog space J (ω) as a closed subset, and if X
is not separable, then it contains T as a closed subset. In any case, F(X) contains either
F(J (ω)) or F(T ) as a closed subgroup, and therefore F(X) does not have the inductive
limit topology by Proposition 2.2 and Theorem 2.5. 2
3. Local compactness
In this section all spaces are assumed to be non-discrete. Tkacˇenko [11] had proved the
following results.
Theorem 3.1. For a pseudocompact space X, the free topological group F(X) has the
inductive limit topology if and only ifXn is normal and countably compact for every n ∈N.
Theorem 3.2. Let X∗ = ω1 ⊕ (ω1 + 1) be the free sum of ordinal spaces ω1 and ω1 + 1
endowed with the order topology. Then the space X∗ is normal and locally compact and
all finite powers of X∗ are countably compact but the group F(X∗) does not have the
inductive limit topology. Moreover, Fn(X∗) is a k-space for each n ∈N, but F(X∗) is not
such.
The above theorem shows that F(X) need not have the inductive limit topology even
if either each Xn (in particular, X itself) is locally compact or each Fn(X) is a k-space.
On the other hand, the second author had established the following [13, Proposition 3.1,
Corollary 3.2].
Proposition 3.3. Let X be a Tychonoff space. If Fn(X) is locally compact for each n ∈N,
then F(X) has the inductive limit topology and hence is a k-space.
These results suggest the following natural question: What properties does a space X
have if either each Fn(X) is locally compact or F(X) is a k-space? Here we show that
if each Fn(X) is locally compact then Xn is normal and countably compact for each
n ∈N.
Let {Cα : α < κ} be a collection of infinite compact spaces. For each α < κ fix a
countably infinite set {c(α,n): n ∈N} in Cα and an accumulation point cα of {c(α,n): n ∈N}.
The space
C(κ)=
⋃{
Cα \ {cα}: α < κ
}∪ {c}
is called the compact fan with κ-many spines if it is the quotient image of the space⊕{Cα: α < κ} under a map identifying the set {cα: α < κ} with the point c. Clearly
C(κ) is not locally compact at c.
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Recall that a subspace Y of a space X is said to be P -embedded in X if every
continuous pseudometric on Y can be continuously extended over X. The following is
due to Sipacheva [8].
Theorem 3.4. Let Y be a subspace of a space X. Then the topological subgroup 〈Y 〉 of
F(X) generated by Y is the free topological group F(Y ) if Y is P -embedded in X.
Theorem 3.5. Let X be a Tychonoff space. If each Fn(X) is locally compact, then X is
pseudocompact.
Proof. Let X be a Tychonoff space such that Fn(X) is locally compact for each n ∈N and
suppose that X is not pseudocompact. Then there are a discrete collection {Un: n ∈ N}
of open subsets of X and a set {xn: n ∈ N} such that xn ∈ Un for each n ∈ N. By our
hypothesis, X is non-discrete and locally compact. Hence we can find a non-isolated
point x and an infinite compact set C which contains x . Now we may assume that
C ∩ Un = ∅ for each n ∈ N. Thus {C} ∪ {Un: n ∈ N} is a discrete collection in X, and
so Z = C ∪ {xn: n ∈N} is a closed P -embedded subset of X. It follows from Theorem 3.4
that the free topological group F(Z) is a closed subgroup of F(X). Since Fn(X) is locally
compact for each n ∈ N, by Proposition 3.3, F(X) is a k-space. It implies that F(Z) is a
k-space.
Put Cn = x−1n x−1Cxn for each n ∈N and let Y =
⋃∞
n=1Cn. Then Y is a subset of F4(Z)
and Cn ∩ Cm = {e} for distinct m,n ∈ N, where e is the unit element of F(Z). Let K be
a compact set in F(Z). Then there is a finite set E ⊆ N such that K ⊆ 〈C ∪ {xn: n ∈E}〉,
where 〈C ∪ {xn: n ∈E}〉 is a subgroup of F(Z) generated by C ∪ {xn: n ∈E}. Note that
K ∩ Y ⊆ 〈C ∪ {xn: n ∈E}〉∩ Y =⋃
n∈E
Cn.
Since
⋃
n∈E Cn is compact, it follows that K ∩ Y is closed in K . This implies that Y is
closed in F(Z) and hence in F4(Z). Since F4(Z) is closed in F4(X), so is Y . Therefore
Y is locally compact. On the other hand, the above argument also shows that Y is the
inductive limit of {Cn: n ∈ N}. Thus Y is homeomorphic to the compact fan C(ω), which
is a contradiction. 2
Corollary 3.6. Let X be a Tychonoff space. If Fn(X) is locally compact for each n ∈ N,
then Xn is normal and countably compact for each n ∈N.
Proof. Theorem 3.5 implies that X is pseudocompact, and by Proposition 3.3 F(X) has
the inductive limit topology. Now Theorem 3.1 completes the proof. 2
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